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1. INTRODUCTION 
Throughout this paper we shall let F(t) denote the sum of series 
iI (a, cos mt -k 6, sin mt) (1) 
whenever it exists. 
Several authors have investigated (see [I], [2], [3], and [4]) conditions on 
{a,> and {b,} that are sufficient in order that F(t) be a function of class Lip 01, 
0 < 01 < 1, Lip (01, p), etc. In this paper we consider similar questions for 
classes Lip 1, B. V., etc. for general trigonometric series, lacunary trigono- 
metric series, and trigonometric series with quasi-monotone coefficients. 
For example, in Section 3 we will show that if (1) is lacunary, then F(t) 
is of bounded variation if and only if C (u,,~ + bqlL2) m2 converges. Also in 
Section 4 we stablish that if series (I) is a cosine series with coefficients 
monotonically decreasing to zero, then F(t) is a function of class Lip 1 if and 
only if a, = O(m-2). 
We shall need the following: 
THEOREM A (Lebesgue [5, I, p. 421). If 
2 +C(mb, cos mt - ma, sin mt) 
is the Fourier series of an integrable function f, and if G denotes the primitive 
off, then 
G(t) = $ I- C $- c (a,, cos mt + 6, sin mt). 
THEOREM B [5, I, p. 401. If G is th e p rimitive of an integrable function f, 
then the Fourier series off is obtained by termwise dzrerentiation of the Fourier 
series of G. 
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THEOREM C (Zygmund [5, I, p. 247)]. I f  at every point of some interval 
the upper (or lower) partial sums of a lacunary trigonometric series are jinite, 
then this series converges absolutely. 
2. GENERAL SERIES 
We now proceed to prove (cf. [3, p. 15; 5, I, p. 230, Problem 181) 
THEOREM 2.1. (i) If x (anr2 + bntz) m2 < CO, then F(t) is the primitive 
of a function of class L2; 
(ii) If C (am2 + bm2) m2 = co, then either almost all of the series 
c -f: (a, cos mt -t b, sin mt) 
converge almost everywhere to functions possessing a fkst symmetric derivative 
almost nowhere or almost all of them diverge a.e. (see [5, I, p. 2141 for notation). 
PROOF. Part (i) follows from Theorem A. 
Part (ii). If C (am2 + bm2) m2 = co, then almost all series 
1 f  (mb, cos mt - ma, sin mt) 
are almost everywhere nonsummable by any method T* [5, I, p. 2141. 
Also, if C (aVn2 + bm2) < co, then by L. Carleson’s result [6, p. 1351 we 
have that for any sequence of signs C & (a, cos mt + b, sin mt) is the 
Fourier series of its sum G(t). Consequently, if for this sequence of signs 
C 5 (mb,,z cos mt - ma, sin mt) is not Abel summable at t, , then G(t) 
cannot have a symmetric derivative at t, [5, I, p. 991. 
If z (am2 + bm2) = co, then almost all of the series 
c -& (a, cos mt + 6, sin mt) 
are almost everywhere nonsummable T* [5, I, p. 2141 and thus our conclusion 
follows immediately. 
COROLLARY 2.1. I f  C (ullL2 + bTn2) m2 < CO, then F(t) is absolutely 
continuous (and hence of bounded variation). 
(ii) No condition on the moduli of the numbers a,, , b, which permits 
C (allL2 + bm2) m2 to diverge can possibly be a suficient condition for F(t) to 
possess a derivative on a set of positive measure. 
From Theorem A and Remark 4.2 we immediately obtain 
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THEOREM 2.2. (i) I f  C (I a,, / + 1 b,,l I) 112 < co, then F(t) is the primitiwe 
of a continuous function. 
(ii) No condition on the moduli of the numbers 6, which permits 1 / b,, / m 
to diverge can possibly be a suflcient condition for f(t) = C b, sin mt to 
belong to class Lip 1. 
REMARK 2.1. G. G. Lorentz has noted (let p = 1 for the remark in 
[2, p. 1421) that if 
g,,(i 
a, 1 (- 1 6, 1) = O(n-c, (2) 
for some E > 0, then F(t) is a function of class Lip 1. 
We note here that 
n i j urn j = O(P) 
p+‘-l 
implies C m 1 a, / = 0(2+9 
m=n v&=2” 
and hence condition (2) implies C (1 a,,, 1 + 1 b,, 1) m < CO. 
3. LACUNARY SERIB 
We shall now prove 
THEOREM 3.1. For lacunary trigonometric series the following are equiv- 
alent; 
(i) F(t) exists in E, 1 E 1 > 0, 
(ii) F(t) ELP, 0 < p < 00, 
(iii) C (am2 + bma) < CO. 
PROOF. (i) implies (iii) since if series (I) is summable T* in a set of positive 
measure, then C (am2 + bm2) < co [5, I, p. 2031. 
Condition (iii) implies (ii) since under these conditions series (1) is the 
Fourier series of its sum by Kolmogorov’s theorem [5, II, p. 1641, and hence 
we must have for any p > 1, F ELM [7, II, p. 2431. 
In view of Theorem C we have 
THEOREM 3.2. For lacunary trigonometric series the following are equiv- 
alent : 
(i) F(t) exists on (a, 6) C [0, 2~1, 
(ii) F(t) is continuous, 
(iii) C (; a,,, ~ -t I b,,, i) c. coo. 
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THEOREM 3.3. For lacunary trigonometric series a necessary and sujlicient 
condition that F(t) be continuous and uniformly smooth is that anz , b, = o( l/m). 
PROOF. The necessity follows from [5, I, p. 471. 
Sufficiency follows from [7, I, p. 186, note to Theorem 31. 
Using the concept of functions of class fl, [5, I, p. 431, we obtain by an 
analogous argument 
THEOREM 3.4. For lacunary trigonometric series a necessary and su$%ient 
condition that F(t) E A, is that a, , b, = 0(1/m). 
REMARK 3.1. A continuous and smooth function possesses a derivative 
in a set E of the power of the continuum in any interval (a, b) C [0,2rr] [7, I, 
p. 1821. 
THEOREM 3.5. For lacunary trigonometric series the following are equiv- 
alent : 
(i) F’(t) exists in E, 1 E 1 > 0; 
(ii) F is the primitive of a function of class LP, 1 < p < CO; 
(iii) C (am2 + bm2) m2 < co. 
PROOF. (i) implies (iii) since if F(t) possesses a symmetric derivative in a 
set of positive measure, then C (am2 + bm2) m2 < co [7, II, p. 2641. 
Condition (iii) implies (ii) by Theorems A and 3.1. 
We now prove 
THEOREM 3.6. For lacunary trigonometric series the following are equiv- 
alent : 
(i) F(t) is the primitive of an integrable function f(t) bounded on 
(a, b) C [O, 27G 
(ii) F(t) is the primitive of a continuous function; 
(iii> C (I a, I + I b, I) m < ~0. 
PROOF. (i) implies (iii) since the Fourier series off is obtained by termwise 
differentiation of the Fourier series of F (Theorem B) which is exactly 
series (1) [5, I, p. 3261; but because f  is bounded on an interval, we may apply 
a corollary of Theorem C which says that under these conditions the Fourier 
series off is absolutely convergent [5, I, pp. 247, 871 and thus obtain our 
result. 
Condition (iii) implies (ii) by Theorem 2.2. 
COROLLARY 3.1. For lacunary trigonometric series F(t) E Lip 1 if and only 
~fC(Iaml+IbmI)m<~~ 
409/=/1-S 
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COROLLARY 3.2. A lacunary trigonometric series C (a,,, cos mt + b, sin mt) 
is theFourierseriesoffELip1 ifandonlyifC(/a,1+lb,j)m<oo. 
REMARK 3.2. G. G. Lorentz has proved [2, p. 147; cf. 7, I, p. 2171 that 
for 0 < 01 < 1, a lacunary trigonometric series is the Fourier series off E Lip 01 
if and only if a, , b,,, = O(m-e). 
REMARK 3.3. If F is the primitive of a function of class Lp, 1 <p < co, 
then F has the following property which is immediately verified by Holder’s 
inequality: 
If ((tl , t;)} is a finite collection of disjoint intervals, then 
2 / F(tJ - F(t;) 1 << K [c (t; -- tJ]“” 
where 
and K = [j- /F’(t) jpdt]““. 
HenceifF= JfwherefEL”, 1 <p<co, thenasp-zco[(l/p’)-+l], 
the class of such F shrinks from class A. C. (for p = 1) to a subset of the 
classes A. C. and Lip (l/p’), and then finally shrinks to class Lip 1 (forp = w). 
REMARK 3.4. The following incorrect assertion of a sufficient condition 
for F(t) to be of bounded variation has been given [7, I, p. 211; 2, p: 1441: 
ASSERTION 3.1. If 
l<P<2 and [f (I a, lp + I b, I~J]~” = W-l) (3) 
m=?l 
or 
2<p<oo and [f (1 a, /P + 1 b, /~)]l” = O[n+“+2)1(2”)] (4) 
,n=n 
where (I/p) + (l/p’) = 1, then F(t) is of bounded variation. 
M. K. Potapov has recently proved [3. p. 141 that this assertion is false. 
By different methods we will show the same. 
To show that the first condition is not sufficient we consider the lacunary 
series C 2-” cos 2”t which satisfies condition (3) for any 1 < p < co. But 
F(t) = C 22” cos 2~ is differentiable almost nowhere as can be seen, for 
example, by Theorem 3.5. 
To show that condition (4) is not sufficient we set ) 4, 1 = mm3j2, b, = 0. 
Then the series C a, cos mt satisfies condition (4) for any I <p < CO. 
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But by Theorem 2.1 almost all of the functions C f m-3/2 cos mt are dif- 
ferentiable almost nowhere. 
We will now utilize Theorem 3.5 to prove 
THEOREM 3.7. If f is continuous on [0, 2~1, then the condition 
If (t + h) -f(t) I = W441~ 
where w(h) t 00 arbitrarily slowly as h J 0, does not imply that f is differentiable 
on a set of positive measure. 
PROOF. Choose a sequence {en} satisfying 
(i) O$~~<l,n=1,2 ,..., 
(ii) C en2 = co 
(iii) Cf=:‘=, E, = O[w(2-91. 
Then, setting f (t) = C 2-ncn cos 2nt, we obtain 
f(t + h) -f(t) = -x2- %* sin 2” t + +- 2 sin 2% $ ( 1 
where N = N(h) is the largest integer satisfying 2Nh < 1, so that 2N+1h > 1. 
Now 
1 P 1 < f  2-nQ . 1 .2”h = O[hw(2-N)] = O[hw(h)], 
1 
IQ I < i 2-“Q * 2 < 2 f  2-n = 2-N+l = O(h), 
N+l N+l 
Hence P + Q = O[hw(h)] uniformly in t. 
However, by condition (ii) and Theorem 3.5, we have that f is differen- 
tiable almost nowhere. 
4. SERIES WITH QUASI-MONOTONE COEFFICIENTS 
We shall now consider the series 
I2 a, cos mt, 
m=l 
(5) 
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2 a, sin mt, (6) m=l 
where {a,} is quasi-monotone, i.e., (am)/m@ 10 for some real number 8, and 
prove (among other things) a necessary and sufficient condition on {a,} in 
order that the sum of series (5) represent a function of class Lip I. Previously 
Lorentz had proved [7, II, p. 2301 that if f(t) denotes the sum of series (5) or 
(6) where a,,, 1 0, thenf(t) E Lip o1,O < 01 < 1, if and only if a, = O(m-l-U). 
In order to obtain our result we shall prove the following generalization 
of a result of Chaundy and Jolliffe [5, I, pp. 182-31 which differs from their 
theorem (and its corollaries as given in Zygmund) only in that quasi-monotone 
coefficients are used instead of monotone coefficients. 
THEOREM 4.1. Suppose (a,,)/mk 1 0, h w ere k is some non-negative integer. 
G) If  ma, = o(l), then j Cz a, sin ml / = o( 1) uniformly in t. 
(ii) I f  series (6) is the Fourier series of a continuous function, then ma, = o( 1) 
PROOF. Part (i). Set E, = supman ma,n . Let 0 < t < n, and let 
N = N(t) be the integer satisfying rr/(N + 1) < t < Z-/N. 
For p > n, we split R, = Ci a,, sin mt into two parts, Iz, = RL + Ri , 
where Rk consists of the terms with indices m < II + N, and Ri of those 
with m > n + N. Then 
W-N-1 n+N-1 
i &t(t) I < c ! a, sin mt I < t 1 ma, < tNcn < rE, . 
n 1, 
If Ri is nonvacuous, then summing by parts we find 
=P+Q+R. 
Now using the inequality 
+ 
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which follows from the inequality, 1 Cy sin it / < r/t, we obtain 
27r z - 
t an+N + an+N+l 
< 2 (%a+N) (a  y 
(n +W + c i ( un+N+l) b + N + l) t (fz +N + I)2 
< 2(N -i- 1) (c + 1) %+N [(n + N)-l + (n + N f 1)-2 
+ (n + N + 2)-2 + **-I 
< 4(N + 1) (C + 1) &g) d 4(C + 1) %I 
where C is a constant dependent only on k. 
Also 
Hence ] Ri ] < 4(C + 2) E, and so / R, 1 < 4(C + 3) E, , which proves 
part (i). 
Part (ii). Assume C a, sin mt is the Fourier series of a continuous 
function. Then the (C, 1) means u,(t) of C am. sin mt converge uniformly 
and thus u,(~7/2n) = o(1). Since sin u > (2/n) u in (0, n/2), we have 
Keeping p = [n/2] terms on the left, we obtain successively 
1 a, p”+2 
--- = o(l), 
n plck+2 
pa, = o(1). 
COROLLARY 4.1. If {a,} is quasi-monotone, then C a, sin mt is the Fourier 
series of a continuous function if and only if ma, = o(1). 
REMARK 4.1. S. M. Shah has proved [4, p. 2681 that if {a,) is quasi- 
monotone, then 2 a,,, sin mt is uniformly convergent if and only if 
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ma, = o( 1). Hence part (i) of Theorem 4.1 is not new although it is proved 
by a different method. 
By an obvious adaptation of the proof just given we obtain 
THEOREM 4.2. Suppose (a,)/mk J, 0, where k is some non-negative integer. 
(i) I f  maTn = O(l), then / xz a,, sin mt 1 = O(1) uniformly in t. 
(ii) I f  series (6) is the Fourier series of a boundedfunction, then ma,,, = 0( 1). 
COROLLARY 4.2. If  {a,} is quasi-monotone, then C a,,, sin mt is the Fourier 
series of a bounded function if and only if ma,, = 0( 1). 
PROOF OF COROLLARY 4.2. If 1 Cy a, sin mt 1 = O(1) uniformly in t, 
then the (C, 1) means a,(t) of C a,, sin mt are uniformly bounded in t, and 
hence C a, sin mt must be the Fourier series of a bounded function. 
In view of Theorems A and B we have, at once, 
COROLLARY 4.3. If  {a,> is quasi-monotone, thmf (t) = C a,,, cos mt E Lip 1 
if and only if a, = O(m-2). 
REMARK 4.2. R. P. Boas has noted [l, p. 4641 that by utilizing Paley’s 
theorem, that nonnegative numbers a,, are the Fourier cosine coefficients 
of a bounded function if and only if C a, converges, one obtains: If a, > 0, 
then f(t) = C a, sin mt E Lip 1 if and only if C ma, < CO. 
By combining some results of Boas [l, pp. 464-5, Theorem 1, Theorem 3, 
and the remark after Theorem 21 with Corollary 4.3 and the fact that 
is equivalent to a, = O(m-a-l), 0 < 01 < 1, whenever {a,} is quasi-mono- 
tonic, we also obtain: 
THEOREM 4.3. If {a,> is quasi-monotonic, then 
f(t) = C a, cos mt E Lip OL, O<(v<l, 
if and only if a,,, = O(m-a-l). 
THEOREM 4.4. If  {urn} is quasi-monotonic, then 
f(t) = C a, cos mt E Lip ~1, O<ar<l, 
af and only if 
f(t) -f (0) = W=). 
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